PROOF COPY 017101AMJ

ML R Vaghar Three-Dimensional Axisymmetric
e | Stress Analysis of

Benedict Engineering Co., Inc.,

3660 Hartsfield Road, SupercondUCting Magl'IEts USing

Tallahassee, FL 32303

h.carmestani | Green’s Function Solution

Associate Professor,

Mem. ASME

Department of Mechanical Engineering and
Center for Material Research and Technology,
FAMU-FSU College of Engineering,
Tallahassee, FL 32310

A closed-form Green'’s function solution for the axisymmetric stresses in an elastic coil of
superconducting magnets is presented, which provides the components of stress through-
out the coil and includes the shear stress in addition to the normal stresses. The Green’s
function method permits the development of a solution irrespective of the type of magnetic
body forces within the coil. Green'’s functions are derived by using finite Hankel trans-
forms appropriate for a cylindrical coil.[DOI: 10.1115/1.1345700

1 Introduction or power series expansion of the fields and displacemghfs).

The direct analytical solutions for infinite or semi-infinite domains

The prediction of stress and strain is essential for both mechapj- f e .
cal and electrical design of high-field solenoid magnets. Thegcte not appropriate for a finite domain such as a magaet14).

magnets are designed in a variety of configurations. A supercos- Fundamental Equations for the Stress Functions
ducting magnet is one example of such magnets, which can be . o T )

treated as a combination of several solenoid coils, where each coifonsider an elastic isotropic coil with inside radiusapfout-

may be reinforced by a nonconducting layer. Depending upon thile radius ob, and length of 2 as shown in Fig. 1. Using the
geometrical specifications of a coil, magnetic fields may behagéuilibrium equations, constitutive ~equations, and  strain-
differently. These fields result in magnetic body forces, and thésplacement relationships, th(_? governing equations for displace-
stresses. Traditionally only the tangential component of the strd8§nt vectoru(r,z), for an axisymmetric distribution of body

at the plane perpendicular to the middle section of the longitudinf@rcesX(r,z), may be written as

axis of a coil(midplang has been considered for design and fail- (N @) V(V.Uu)+ uV2u+X=0 1)

ure analysis. The value of shear stress has been determined to be ) ) ) )

small in the midplane but it becomes larger toward the ends of téiere V2 is the three-dimensional Laplacian andand . are

coil. In the analytical solutions available in the literature, thélames) elastic coefficients[15]). o

stress analysis has been performed for just the midplane and she&om the Helmholtz theorem, any vector satisfying 8g.may
stress is assumed to be negligilffé—4]). As a result, a three- b€ resolved into a sum of a gradient and a curl

di_mensional closed-_form s_olution is desired to understar)d th(_e dis- U=Ve+VXA )
tribution of stressesincluding shearthroughout a solenoid coil. ) ) ) i

In the present work, a general closed-form solution, using tigheree(r,z) is a scalar potential anki(r,z) is a vector potential
Green’s function method, is derived for an elastic, isotropic coil §tch thatv.A=0. Incorporating the displacement vector from Eq.

a high-field solenoid magnet. This solution is applied to the in{2) into Eq.(1) yields an equation in terms of potential functions

portant case of a superconducting magnet. This analysis is foNdA.

limited tto the midplane and can be used for any type of solenoid (N+20)V(V2h) + uV X (V2A)+X=0. ©)
magnet. ) ; ) )

The use of a Green’s function solution is not limited to magl he independent potential functiogsandA may be written as
netic body forces. It can be applied to other axisymmetric elastic- A=aVXW ¢=pBV. W (4)

ity problems for finite bodies. The Green’s function solution can i

be used for inclusion problem in composite materials whetéhere « and g are arbitrary constants, and components of the
eigenstrains may be considered as body ford&ss]). The VectorW are the stress functions. Introducing 4 into Eq.(3)
Green’s function solution can also be applied to specific problerffds to a partial differential equation for vectn.

in fracture mechanics and composite materififs-9)). Fictitious BN+ 2) VAW +[ BON+2u) + na] VX[V X (V2W)]+X=0

body forces can be introduced in composite materials, where the (5)
difference between the thermal expansion coefficients of the fiber o .
and the matrix results in residual stresses. In order to simplify Eq(5), we may choose the arbitrary constants

A limited number of publications on the approximation of the* @hd 8 as —1/u and 1/ +2u), respectively. Thus, Ed5)
three-dimensional problem are available in the literature. Sorfieduces to the component form.
solutions are obtained by neglecting shear throughout the coil

i . ) 5 2 47, 4 . 1\,
([10]). Other solutions are based upon numerical techniguds) Ve— 2 v, — Ly R Ve— 2|59 +X,=0
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Fig. 1 Schematic diagram representing one coil of a magnet

Hence, the three partial differential equations in Bj.reduce to

(znz)_ (dz 1d nz)

P\ Vo2t =9l g a2
2 3,(5b) ,
—;(f(b)—Jn(&a)f(a))—zimn[f].

(16)

4 Radial Green’s Function

The Radial Green’s function fo¥, , radial stress function, is
obtained by solving Eq.7) with Dirichlet homogeneous boundary
conditions. Applying the finite Hankel transforaf order ong to
each term of Eq(7) yields

three uncoupled partial differential equations for radial, tangentiavhere{y; is a root of the transcendental equation

and axial stress functions:

1 2
(VZ— r—z) v, +X,=0 )

1 2
(VZ— —) ¥ ,+X,=0 (8)
V4P ,+X,=0. 9)

The body force in a magnet is the Lorentz force, a function of

r andz related to the magnetic fiel&®, and current densityl, by
X=JXB. (10)

For an axisymmetric distribution of Lorentz forcé=J,e, and
B=B,e +B,e,. Thus, the vector product of theandB leads to

X,=J,B, X,=0 X,=—J,B,. (11)
In the absence of a tangential magnetic body force in(8q.the

2
ml{(w rif) T, [=—R[X]. (17)
Use of Eq.(16) in Eq. (17) results in
2\2
—5+ W, (£4i,2)= =X, ({4 ,2) (18)
J1(£1i@) Y1(£1i0) = I1(£1ib) Y1(£12) =0 (19)
and
o b
qfr(glivz):J’ rv, (r,z)Ky(&qi,r)dr (20)
o b
Xr(gli 12):J rXr(r1Z)Kl(£li 1r)dr1 (21)
where
K1(£1i,1) =[I31(£2ir) Y1(£1ib) = I1(L4ib) Y1(Luin)]  (22)

is the Fourier Bessel kernel. An additional transfgimthe axial
direction is needed for solving Eq.18). Considering the radial
body force is an even function of and the interval is finite
[—L,L], an appropriate transform is the finite Fourier cosine

tangential stress function will be zero, resulting in a zero tangeffansform. By introducing the finite Fourier cosine transfaim

tial displacement, .

3 Finite Hankel Transform

The partial differential equations represented by E@g.and
(9) may be solved by using finite Hankel transforih$6]). The
finite Hankel transform of orden of function f(r) on a closed
finite interval[a, b] is defined by

_ b
ﬂ‘in[f(r)]:f(ii):f rf(r)Kn(Zi,rdr (12)
where(; is a root of the transcendental equation
Jn(Zia)Yn(£ib) =Jn(£ib)Yn(£ia)=0 (13)
andK,,(¢; ,r) is the Fourier Bessel kernel.
Kn(Zi 1) =[In(&ir)Yn(£ib) = In(£ib) Yn(4ir) ] (14)

The inverse transform for the finite Hankel transform is

? » {2(La)

f() =R, TF(&)]= F(GKA(G ).

T J2(gia)—JA(Lb)
(15)

where the summation is extended over all positive r@ptsThe
finite Hankel transform of a Laplacian &{r) (in cylindrical co-
ordinate is given by
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the axial direction of Eq. (17),

. |2 -
c *§1i+52 W (£1i,2) | = —Jc[ X (10, 2) ],

the differential equation is converted into the algebraic equation

n?s2\2 -
gll ) \If (gll ,I"I)— Xr(gli ,n) (23)
wheren is an integer. The functions
- L nmwz
W, (Lai ,n):f W (Lai ,Z)COSTdZ (24)
-L
_ L nmwz
X (&1 .n)=J X (L1 yZ)COSTdZ (25)
-L

are the finite Fourier cosine transforms df,({,2z) and
X(g1I ,Z). The inverse finite Fourier cosine transform of
W, (£4;,n) and inverse finite Hankel transform &f,(¢y;,2) are
defined by

V(41,2 =3V (& 0]
1 . 1< - nmw
= o0 Velen 0+ £ 2 Foldnm) cos' - (26)
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W, (r,2) =% [V, (&,2)]

7 (3% (Lia)

== TV ({3, 2D)K (L D).

2 =1 J1(&ya) —JI(Lqib)

@7)

e i { 1
s ZlJl(él.a) 3(Lyb) 2Lg4x(5lw)
© 1 i
L, oz X G meos T | KatLa ).
(28)

Introducing Egs(21) and(25) into Eq. (28) gives the solution of

Substitution of Eqs(26) and(27) into Eq.(23) yields an equation the radial stress functiow,(r,z) in terms of the radial body force

for the radial stress function:

X (r,2).

Lb

2 o0
V(r)=-=

2 i=1 2|-§1|

Lb
1

3 S nmz ’ [ ’ n’7TZ’ ’ ’
+L 21 (ngz +n27,-2)2605 3 r' X (r',z"YK{(&q,r )cos—L dr'dz
n= 1i

—La

f f r' X (r',z"YK{(&q;,r")dr'dZ

35(La)

mKl(gli )

(29)

By interchanging integrals with summations, we may write Ecand

(29) in the form

T (Loi M) =R[ILV,(r,2)]]

L b
\Ifr(r,z):J fXr(r’,z’)Gr(r,r’,z,z’)dr’dz’ (30) Lb
-LJa

where
’ ’ - 772 g%iJi(glia)
Glrr’ 22)== 2 [7 Ra) - R
XK (L1 MK (&qir")

©

1
X +L8
2Ly L (LG +n?a?)?
y nmz' nmz
COST COST

is the radial Green’s function.

5 Axial Green’s Function

The axial Green’s function is obtained by solving the partial
differential equation for the axial stress function, Ef), with

(CH)

nmz
:ffr\Ifz(r,z)Ko({Oi,r)sianrdz (34)

—La

Xo(Loi M) =R ILXAT,2)]]
Lb

nmwz
=f f rXZ(r,z)Ko(gm,r)sianrdz (35)

—La

are transforms of the axial stress function and axial body force.

Here,

Ko(Zoi 1) =[Jo(Lai" ) Yo(Loib) = Io(&Loib) Yo(Lair)]  (36)

is the Fourier Bessel kernel for the zero-order transformation. The

inverse transform oﬂzfz(gOi ,n) is
W(r,2) =R 35 T Lo W]

TF_E S . {5i95(L0ia)

2 *® %

Dirichlet homogeneous boundary conditions. Here, finite Hankel L & #51 35(Zoia) — I5(Loib)
transform in the radial direction and finite Fourier sine transform

in the axial directior(since the axial body force is an odd function

of z) are used.

Applying the finite Hankel transform of order zero in and

finite Fourier since transform ig to Eq.(9) yields

Xo(Loi M)

n2m?\2 _
— 46— 7) V(Lo )=
wheren is an integer(,; satisfies
Jo(£0ia) Yo(£oib) = Jo(L0ib) Yo({0ia) =0

(32

(33)

nmwz -
X sin—-

Z(§0|1n)K ((Oi:r)- (37)
Incorporating Eqs(32) and(35) into Eq.(37) gives the solution to
the axial stress functio® ,(r,z) in terms of the axial body force

Xy(r,2).

o PEE L3
G,(r,r',z,z )=—72 > (L2 +n2n2)?
|

i=1 n=1

is the axial Green’s function.
Journal of Applied Mechanics
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W,(r,z)= f f ,2)Gy(r,r’,z,2")dr'dz’  (38)
where
|
{5i95(¢oid) , ) _nwz  nmz
J%(gma)fJé(gOib) r'Ko(Loi»r")Ko(Loi ,r)sstmT (39)

JANUARY 2001, Vol. 68 / 3
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6 Boundary Conditions > o 1 2,2
The displacement vector is related to the vestoby Eq. (40). 92(n)= Zl Tal-v [ —I'o(doi )| v 2
1 1
=—= Jo(£oib)
+ .
u MVX(VX\I’) : ZMV(V w) (40) _2(1-) g(gsl -
I
The stress tensor in terms of the displacement vector is defined by P
na
— T = - — . P
o=\N(V.U)l +u[Vu+VTu] (41) 2 1V{ T Lo )

wherel is the identity tensor. Substituting EGL0) into Eq. (41)

. . . A . 2_2
results in stresses in terms of axial and radial stress functions

—2‘9 V2 ! P+ ! v? ”
=2 | VY T Y e
2 V2 1 " 1 V2 190
T\ VT T Y T )¢
—2(9 Vew,)+ ! v? >
=25 (VT | Vi o) e
2 wrwys 2w Ly LT
T VT V2V 15 9 (42
wherev is the Poisson’s ratio and
19 v v, 23
p=r o (r 0+ F (43)

is the divergence of the vecta.

Traction-free boundary conditions are appropriate for a sole-

+BL (L2 )| 2= (2= )+ Ei(1-)

2772

V?*Zgi(lfv)

©4(N) :Z

|

2
%[rz(zm,m

2772
?(1—1/)

—-1" nw
5(Loi)= — [_Fz(%i,n)T[

|

+£5(2—v)

* n 2,2
pe(ﬁi):lgo (1:13 (Fr(glivn)gli[nL_Z(l—V)_Vgii ]
with
s L3 {535 Lai)
| A bon)= ((Lzé’éﬁnzwz)z T Zad) 3 La)

noid coil. Therefore, the radial and shear stresses should be zero at

the inside and outside radiif =a andr=b), and the axial and

shear stresses should be zero at the ends of thezeit-().

Substituting the solutions for radial and axial stress functions
from Egs.(30), (31), (38), and(39) into Eq.(42) and computing
radial and shear stresses at the inside and outside radii, and the

axial and shear stresses at the ends of the coil, yields

©

nmwz

o,(a,2)= 20 pl(n)cosT (44)

%

nmwz

0a(a.2)= 2, pa(msin— -

” nmz
ar(b,z)=2 gog,(n)cosT
n=0

nmwz

o,(b,2)= E P4 n)sm—

(r,iL)=zl [95( Lo Ko(Loi 1) +06( L1 KE (L1 ,1)]

o,(r,=L)=0
where

K (L1 ,1)=[Jo(£2iT)Y1(L1ib) = 31(£1ib) Yo(£1ir)]

Ki(&qi,0)+ K1(&1i.1), (45)

oy Ly or
andgp,(n) throughgp,(n), ¢s({oi) andpe(4q;) are given by

S o201 n Jo({oib)
pa(m =2, EE{—Fz@m,m—” Sy ral ()

L Jo(Loid)
T ) 2 (1= )| 20D 46
L2 ( V) gli( v Jl(é/oia) ( )

4 | Vol. 68, JANUARY 2001

PROOF COPY 017101AMJ

L (b _nmz'
X r’XZ(r’,z’)Ko(goi,r’)sder’dz’
-LJa

(47)
772 gi 2(§1|a) L3
Pl == (2 Rina) i ab) (L5 122
L (b nwz'
xf fr’Xr(r’,z’)Kl(gli,r’)cos 0 dr’dz’]
—-LJa
2 (¢, 1
T/ (£41,0)= — = Hend)

2 B({ya) - (b 2L,

L (b
xf J r'X.(r’',z")Kq(&y;,r")dr'dz".
-LJa

From Eg.(44), it can be observed that except for the shear
stress at the ends of the coil, boundary conditions are not satisfied.
The radial and shear stresses impose forcing functiozsabthe
radial boundaries and the axial stress asserts a forcing function of
r at the axial boundaries. Thus, a complementary solution for
either radial or axial stress functidsince stresses are related to
both) is needed to neutralize these forcing functions.

7 Complementary Solution for the Axial Stress Func-
tion
Let us consider functioré(r,z) (an odd function inz) as a
complementary function for the axial stress function. From Eq.
(9), &(r,z) must satisfy the homogeneous part of the partial dif-
ferential equation for the axial stress function.
V4(r,z)=0 (48)

From Eq.(42) radial, axial, and shear stresses are expressed in
terms ofé&(r,z).

2
—3|&(r,2)

o= i ( PAVEES (49)

1-voz

Transactions of the ASME
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B J B 7
=1, 57 (2=v) pr &(r,2)

1 4 R 7
=15 7|1V - o= &(r,2)

The complementary function must reverse the effect of the im-
posed forcing functions by stresses at the boundaries. As a result,

from Eqgs.(44) and (49) boundary conditions fog(r,z) are ob-
tained and given by

1 a( V2
1-v 9z v

“ nmwz
=—> pi(n)cos—
n=0 L

(92
W) &r.2)

r=a

(50)
1 9 & nmz
R PN B —_ e
T o | (LY azz}ar,z) E po(n)sin
1 9 ” nmwz
1_VE(VV ——)g(r Z) :b=—n§0 g)s(n)cosT
1 9 - P B i nwz
T ar| 1=V 2|60 A pa(n)sin——

2

1 J
P}f(r,z)

d

_ 2_
P (2—v)V

1

v z=L

_zl [95(Loi)Ko(Zoi 1)+ 96(L1i)KG (£1i,1)]

y 1 9
1—var

The partial differential equation faf(r,z) with the given bound-

(3’2
(l— V)Vz— P

0.

)f(r,z)

z=L

ary conditions may be solved by using the superposition principle.

The substitution of(r,z) = £,(r,z) + £,(r,2) into Eq.(48) yields
two partial differential equations faf;(r,z) and &,(r,z).

V4,(r,z2)=0 (51)
(52)

Solution to &,(r,z) is achieved by applying the finite Hankel
transform of order zero to E¢51) and solving the resulting dif-
ferential equation foe

V4¢,(r,2)=0

§o| 0(§Ola)
1 I5(40id) = I5(Loib)
+ Bz cosh{£i2) IKo(Loi )

Here, A; and B; are arbitrary constants. Solution (r,z) is
obtained by employing the finite Fourier sine transform to E
(52 and solving the ensuing differential equation for

2

&(r,z)=m [A; sinh({oi2)

(53)

0

1 2 1A | nar _"_1AB K nm
&o(r, Z)_277n—1 A | S BarKy | T

+27TC| nm +27TDK nwT - nwz

Lol T PRl T SInT

(54)
In Eq. (54), A,, B,, C,, and D, are arbitrary constants,

R . £595(¢0id)

2 Rloa)— T Lgb) o SN 0i2)

e

1

+Bjz cosh{£i2) IKo( Lo ) >

[T

277'n=1
1. n7T 2, na
+ = B I'Kl L Tcn|0 Tr
277,D K (n'n' nwz 55
B >3)

The six arbitrary constants in E5) may be evaluated by using
the six boundary conditions given by E&Q). Applying the shear
stress boundary condition atL yields

Bi=w({oi)A (56)
wherew({g;) is expressed by Eq57).
— Lo

(x)(gm): 0 (57)

2v+ oL coth(foil)

Employing the radial boundary conditions§ér,z) and using Eg.
(57) results in

X1a(MA+X14n) B+ X14(n) Co+ X14()D,,

+21 Ax(Zor WA= p1(n)

(58)
Xor(MA,+ XN B+ Xp3(n) Cpt Xou(n)D
+i§: Ao(Loi ,MA=po(N) (59)
Xar(N)A,+ Xg(n) B+ Xaa(n) Cp+ Xg4(n)D
+i2°°l As(Loi A= 3(n) (60)
Xaf(MAL+ X go(N) B+ X45(n) Cp+ Xgy(N)D,
+iZml A4(Loi A= p4(N) (61)

where A11(n) through A 4(n) and A1(Zqi,n) throughA4(Zgi,n)
are given in Appendix A. The boundary condition for axial stress
atz=L provides

As((m)Ai“‘IZl [Xs1(Loi M)A+ Kool Lo 1) B+ s £6i N C,y

+ Xsa Loi M Dn1=Ts(Zoi . {11) (62)

Yhere Xs1(£oi ,n) through As4(Loi,n), As(oi) and I's(Loi,¢1i)

are given in Appendix B.

Equations(58)—(62) represent a system of equations where the
unknowns areA,,, B,, C,, D, andA;. To evaluate these un-
knowns, the infinite series in Eq&8)—(62) are replaced by finite
summations with an acceptable truncation error. Hence, the infi-
nite upper limits fori andn are changed to finite values bf and
N, respectively. Expanding these finite summations would result
in a system of equations withNHM unknowns and equations,
where unknowns aré;— Ay, B;—By, €;,—Cy, D;—Dy and
A;—Ay . Equation(62) givesM equations by letting vary from

lol(na/L)r] andl{[(na/L)r] are the modified Bessel functions1 to M. Moreover, allowingn to advance from 1 tdN in Egs.

of the first kind, andKy[ (nw/L)r] and K[ (nw/L)r] are the

(58)—(61), results in N equations. By solving this system of

modified Bessel functions of the second kind. The superpositieqguations, the arbitrary constants for the complementary solution

of Egs.(53) and (54) furnishes the solution tg(r,z).
Journal of Applied Mechanics
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of the axial stress function are obtained. The combination of the
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complementary and the Green'’s function solutions for the axial
stress function yields a solution that satisfies both the boundary
conditions and the axial body force. This solution together with
the radial Green’s function determines the distribution of stresses

in a given caoil.

8 Numerical Results

The Green’s function solution is applied to a 23 Tesla super-
conducting coil. The parameters for this coil are given in Table 1.
Figures 2 and 3 show the tangential and radial stresses through the
coil along the radius at three different axial positiozs=0, z
=L/2 andz=L). Figure 4 shows the characteristics of the axial
stress through the coil along the radius at the midplane and
=L/2; and Fig. 5 shows the shear stresg-at /2. Note that due
to traction free boundary conditions, axial and shear stresses
zero atz=L and shear stress is zero at the midplane Q) be-

cause of symmetry.

Table 1 Parameters for the 23 T superconducting coil

Name Symbol Value Unit
Inner radius a 100.00 mm
Outer radius b 136.50 mm
Half length L 28.00 mm
Elastic modulus E 111.00 GPa
Poisson’s ratio v 0.30
Current density J 530.10 Almnt
800+
7004
600
8 ] z=0
2 500
=) ] =12
400
3004
4 z=
200 ==
100 110 120 130 140
Radius, mm

Fig. 2 Distribution of the tangential stress for a 23 Tesla su-

perconducting coil

G, MPa

-457

z=0

100

I S D
120 130 140

Radius, mm

Fig. 3 Distribution of the radial stress for a 23 Tesla supercon-

ducting coil

6 / Vol. 68, JANUARY 2001

PROOF COPY 017101AMJ

140 A
110

T T TTTT
120 130 140

Radius, mm

Fig. 4 Distribution of the axial stress for a 23 Tesla supercon-
&l ting coil

1.5+
z=L/2
14
&
=
&l
o}
0.5+
Ot
100 110 120 130 140

Radius, mm

Fig. 5 Distribution of the shear stress for a 23 Tesla supercon-
ducting coil

9 Conclusions

Analytical closed-form solution for the distribution of stresses
has been developed for a coil of high-field solenoid magnets, in-
cluding superconducting magnets. This solution is presented in
forms of the Green'’s functions, which permits the development of
a solution irrespective of the type of the field or its distribution
within a coil. The problem was formulated in terms of stress func-
tions. Green’s functions were derived by using finite Hankel and
finite Fourier transforms. Boundary conditions were satisfied by
introducing a complementary solution for the axial stress function.
The radial Green’s function with the superposition of the comple-
mentary and the axial Green'’s function provide a comprehensive
analytical solution for the stresses.

The Green’s function solution provides a complete analytical
stress solution for an isotropic coil. This solution should be used
as a foundation for the stress analysis of multilayer magnets. The
future work should also extend this solution for an orthotropic
coil.

Appendix A
- 1) n7T| nm n?m? | nwT
K==\ v gtz T8~ a2
N -1 1 mrK n n2m2 « nw
e L N R AT
X - n3as nmT n27121| nmT
R ) I A A ERPIE
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1 ndm3 nwT n?m? 1 nar
7(14(n):(1j N Ko 23t = K1 T2
-1 1\ nm nar n?m? nm
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