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Challenge

 What are the optimal properties necessary for
design of a component:

e For Ti-6A-4V: What are?
 Textures

e Grain boundary morphology
 Distribution of the two phases

* |Inverse Methodologies
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Methodology

_ Desired
Processing Microstructure

50 nm : :

A Methodology to

Vary Texture and phase distribution Link the Property and
Microstructure

Characterize the Microstructure by
Probabilities Functions

Applying Statistical Continuum Desired
Mechanics Theory Properties
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Microstructural Sensitive Design
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General Strategy for MSD

1-Microstructure representation: The microstructure
and its detail is represented as a set of orthogonal Basis
Functions Microstructure Hul). F(c.,.C)= C.c

n

2- Properties and Constraints:are represented in the
same orthogonal sp
Ple,p)= pc.

3-Coupling: The properties and constraints will now
represent hyper planes in the material Hull

4- Designer Materials: Intersection of these planes
defines the set of materials appropriate for design similar to
Ashby’s Diagrams. 6
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Inverse Methodology at the Heart of
MSD

— F(c,,C)= Cc, Property,
P

‘\ / ™n
< Statiétical>
P(Cn’ pn) — pn Continuum Mechanic

o/

Both Microstructure S '
and propertie§ are @@: Microstructure
represented using the
same set of C

n

orthonormal basis
functions ARO/GATECH Workshop



Transformation to Fourier Space
(Adams, Kalidindi,..)

One point statistics ¢ MO
-Series representatiom( 7, b) = 5”12?”7(1‘ D)

=0 nx1

-Material §et:

%m(f,b) (@l f, b)

-Material Hull;

¥ b)

2-point statistics: f,(h,h¢|r) h=(/,f,9) h(=(/(f( g0
8
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One Point Probability

* The number of points in one phase compared to the rest
defines a total probability function P() and PE )

v, =P(7,), v, =P(f,)
P(7,)+ P(f,)=1.0

O O

O O
O O

O

O
O

Schematic micrograph of a composite Enlarged aneinéomeasurement of one
point probability
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Two Point Probability as a
Conditional Probability

« Attach a vector rto these random points.

* Now find out the probability of a specific phase at the head of
the vector given the phase at the tale of the vector

P(r){1,2]1,2}
O
el o o
O
o/ o °
o/ O
O
O
O / © o/
o/ o
Enlarged area for the measurement of
two-point probability
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Definition of Orientation
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Two Point distribution distribution
function for a two phase structure

I
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F. =1, 2

f,(F,r) = o€ "R (F 1)
|  m n
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Empirical Forms of Two point Probability Functions

* Anisotropic form

n;
Pij(r) =ay + bij exp( Cil ")
c,(@k)=c(a+ (- a)sing) n,(gk)=n(1- (- a)sing)
For a highly anisotropic materials, the limit for,Bnd B, at a
particular angleg=q, is zero. Let’'s takg, =0, Then,

C12(0,k)=ad,,, and n= P,
But, P,,=0 for any r or,

P,(r) =a,, + b,expt acsr)
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Two Point distribution distribution
function for the orientation space

OIM Scan data
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A 3+3+3=9 parameter equation 14
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Fourier representation

f,(9,99 1) = F ey (o) ¥ g

lrm | ¢rhe

Construction of the above function from a set of
Dirac-like distributions (a(g- g))ag¢- g9 ).

fo08r) = n,(Ndg- g))dgt g9 ( 7, (=1

15
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Statistical Mechanics
Composite Formulation

/ Phase 2

« Materials’ response under . ®
deformation Is representean '
. . | A \
by a unified stress strain

. . S ‘ v |\
reIatEnshE_ <\ ;

S =|UE

‘ Stiffness matrix represents Phase 1

the mechanical properties of
the composite

16
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Statistical Mechanics Analysis

 Equilibrium Eaq: e Hill's Criteria:

5, =0 Cle) = (ce)

S (X) = Cyy (X) 64 (X)
. <aijkl> Is defined to present

» The local moduli and the heterogeneity such as:
compliance :

Cija (X) = <Cijkl >+ Ci (X)

S (X) = <S|jkl >+ S (X)
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Ergotic Hypothesis:

« Statistically Continuous Objects
« Random, disoriented objects
 Ensemble Average = Volume average

<S ij(r)> - ° ij(r)

1
s (r) = s (r\aVv Volume average
ij() DV(r) >V ij( M
1.
<S (r)>:—I|m s (r) Ensemble average
I N N

18
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Method of the Simulation

Measurement of two points probabilities
In the microstructure

Use of Perturbation Technique$o incorporate
one, two and higher Statistics

Satisfying Equilibrium Eqgs by applying Hill’s
Criteria

Finally: Calculating the fluctuations of the Elasti
properties relative to the average value.

19
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Estimation of Effective Elastic
Properties

* The effective elastic properties of the composite can be
calculated by :

Cii :<C|jkl> < |Jmn(X)amnkI(X)>

< i > IS the average ensemble of elastic property

< .,mn(X)amnk|(X)>ls the average fluctuation

20
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RESULTS

Elastic Properties of an Isotropic Al-Lead

Elastic Modulus
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Effect of porosity (Isotropic
distribution on Elastic Properties)

Elastic Modulus of (Pb + Porosity)

16
14
12
10 -
8
6 -
4
2
0

0 0.1 0.2 0.3 0.4 0.5 0.6
Porosity volume fraction
—&— E (Statistical) E (Voigt) =——E (SC)

22

ARO/GATECH Workshop



RESULTS

Elastic Properties of an Anisotropic Al-Lead

C1133 (Gpa)

Property Hull of Al-Pb
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Elastic Property of Ti-6Al-4V
Using 2-point function
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Temperature
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Statistical Mechanics Modeling of a
Two Phase Medium

 Two Green's Function Solution (Molinari, et.
al., Acta Met, 1987)

* Infinite Body
IJE| ka|](r - rl) - Hm,i (r = rl) +dmd(r - I") =0

G,(r-r)=0
e Solution
v =v+ G- r)f(r)dyr

rivy Y

p(r)=p+ ; H.(r - r)f(r)dr 25
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| ocalization Relations

With the same procedure, the Modulus N can also be
expanded in Taylor series around L

- ~ . N (C _
K (L) = Ny (D) + elByy 7 1y
T“—mn
Compact Form
N(L)= N(L) + ﬂl:l](LL)[L- L]+...

More compact



Polycrystalline Materials

Development of Texture during Rolling
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