
ARTICLE IN PRESS
www.elsevier.com/locate/commatsci

Computational Materials Science xxx (2006) xxx–xxx
Quantitative prediction of effective conductivity in
anisotropic heterogeneous media using two-point correlation functions

D.S. Li a, G. Saheli a, M. Khaleel b, H. Garmestani a,*

a School of Materials Science and Engineering, Georgia Institute of Technology, 771 Ferst Dr. Atlanta, GA 30332-0245, USA
b Pacific Northwest National Laboratory, Richland, WA 99352, USA

Received 27 September 2005; received in revised form 15 January 2006; accepted 15 January 2006
Abstract

Statistical continuum approach is used to predict effective conductivity of anisotropic random porous heterogeneous media using two-
point correlation functions. Probability functions play a critical role in describing the statistical distribution of different constituents in a
heterogeneous media. In this study a three-dimensional two-point correlation function is utilized to characterize the anisotropic media
without making any assumption on the microstructure. Examples in this study demonstrated how the model captured the anisotropy in
effective conductivity of the random heterogeneous media. Predicted results showed the influence of microstructure on the effective con-
ductivity tensor.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

A new framework ‘‘microstructure sensitive design’’
(MSD) was proposed by Adams et al. [1,2] as a common
language for the flow of information from materials scien-
tists to mechanical designers. The MSD design methodol-
ogy has been applied to materials design [3,4] and
processing optimization [5]. For materials designers, it is
also very important to establish a mathematical relation-
ship between microstructure, processing and macroscopic
properties. The classical problem of determining effective
thermal and electrical conductivity in multi-component
media including porous electrodes, composites and poly-
crystals has been investigated extensively for more than a
century [6,7].

Previous research in this area has focused on the predic-
tions using one-point probability functions (number or
volume fractions of individual states within the microstruc-
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ture) of components, which ignored shape and geometric
characteristics of the microstructure. After the mathe-
matical description of heterogeneity has received some
breakthroughs in the last few decades with the works of
Kröner [8] and Beran [9], research interest is shifting
towards other microstructure attributes such as morphol-
ogy, component size and its distribution. More progress
has been achieved to calculate the effective properties by
making simple assumptions about the microstructure dis-
tribution (random, isotropic, or periodic microstructures),
connectivity or the shape of constituents (spherical, ellip-
soidal, etc.) [10–18]. To generalize the prediction for these
applications requires rigorous mathematical description
of morphology without any assumptions on the micro-
structure. Progress was hindered due to the lack of
experimental techniques to obtain two- and three-point
correlation functions. After the commercialization of com-
puted microtomography and orientation imaging micros-
copy, it is now possible to measure three-dimensional
morphology in heterogeneous media composed by isotro-
pic components and individual crystalline orientation in
polycrystalline materials. It was realized that in order to
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Fig. 1. The two-point correlation function P11 of the sample with inlet
micrograph. Volume fraction of phase 1 (white region) /1 = 0.70. Black
solid line is P11 for vectors thrown in horizontal direction. Red dash line is
P11 for vertical vectors. Black dash line is P 11 ¼ /2

1 ¼ 0:49, where P11 is
supposed to regress to. (For interpretation of the references in colour in
this figure legend, the reader is referred to the web version of this article.)
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use the measured material’s heterogeneity it is necessary to
incorporate two and higher order probability functions.
Extension of this effort to random real microstructures
requires proper definition of nth order statistical correla-
tion functions and Green function solutions to the homog-
enization relations. For a detailed description of the
theoretical discussion and the derivations refer to Garme-
stani et al. [19–21], Beran et al. [22] and Adams et al.
[23,24]. A statistical continuum mechanics approach for
mechanical response and the evolution of morphology dur-
ing both elastic and inelastic deformation in heterogeneous
media was introduced earlier [19–21]. In this paper, our
previous research in studying the mechanical properties
using statistical continuum relations are hereby extended
into conductivity.

2. Correlation functions characterizing heterogeneous

media

The statistical details of a heterogeneous media can be
represented by an n-point probability distribution function.
Volume fraction, commonly used to capture the complexity
of a microstructure, is et facto one-point probability distri-
bution function. Consider the porous electrode in a fuel cell
made of LSMO as phase 1, and the void as phase 2. Let the
sample occupy a subset of space V � Rd (d = 3) that is par-
titioned into two disjoint phases: LSMO V1 and voids V2

such that V = V1 [ V2 and V1 \ V2 = U. An indicator
function Li(x) for phase i is used to identify a random point
x, located inside or outside of phase i:

LiðxÞ ¼
1; x 2 V i

0; otherwise

�
ð1Þ

By definition volume fraction for phase i, /i, is considered
a one-point correlation function

/i ¼ PfLiðxÞ ¼ 1g ð2Þ
It is clear that volume fraction alone cannot capture the
whole complexity of morphology in random heterogeneous
media when studying effective properties. One example is
the difference observed when two bounding theories, series
and parallel, are used respectively in the prediction of prop-
erties for a composite with the same volume fraction. More
details of the shape and morphology of the microstructure
including the interaction of the components in the media
and orientation distribution of crystallographic axes (tex-
ture) should be considered in order to give a reasonable
prediction of effective properties. This can only be realized
by using higher order distribution functions [7,25]. A two-
point distribution function is defined as a conditional prob-
ability function when the statistics of a three-dimensional
vector, ~r ¼~r2 �~r1, is investigated once attached to each
set of random points in a particular microstructure:

P i1i2ð~rÞ ¼ PfLi1ð~r1Þ ¼ 1; Li2ð~r2Þ ¼ 1g ð3Þ
Here P i1i2ð~r2 �~r1Þ is the probability of the event ~r with
vector ~r1 in phase i1 and vector ~r2 in phase i2. It should
be noticed that in many cases, the media is anisotropic
and it is inappropriate to simplify the vector to a scalar
parameter.

Fig. 1 illustrates the correlation function P11(r) of a het-
erogeneous material whose micrograph is presented in the
inlet. The volume fraction of phase 1, white region, in the
micrograph is /1 = 0.7. Solid curve is the correlation func-
tion when vector~r is horizontal. Dashed curve is for verti-
cal vectors. For both cases, when r ! 0, P11(r)! /1 = 0.7
and when r! 1, P 11ðrÞ ! /2

1 ¼ 0:49. It is difficult to fig-
ure out the anisotropy from the micrograph by simple
observation. However, the correlation curve clearly shows
the existence of anisotropy in the sample. Our prediction
of conductivity in a later section also reveals differences
in effective conductivity between the horizontal and vertical
directions.

The most popularly used formula to represent the distri-
bution function is an exponential function proposed by
Corson [25]

P ijðrÞ ¼ mimj þ ð�1Þiþjmimj expð�cijrnijÞ ð4Þ
For a two-phase composite (including porous materials), i
and j correspond to phases 1 and 2; while for a polycrystal i
and j can get values from 1 to n which is the total number
of grains. The constants cij and nij are microstructure
parameters obtained by fitting the real correlation curve.
This relationship has been shown to be appropriate for ran-
dom isotropic microstructures.

For anisotropic case, the direction of vector r should be
taken into consideration. Saheli et al. [26] introduced a sim-
plified form of an anisotropic two-point correlation func-
tions and used it for an axially symmetric sample. In that
study, the empirical coefficient cij, a scaling parameter
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representing the correlation distance, is reformulated by a
Fourier expansion:

cijðh;AÞ ¼ c0ijð1þ ð1� AÞ sin hÞ ð5Þ

where A is a material parameter that represents the degree
of anisotropy in a microstructure such that A = 1 corre-
sponds to an isotropic microstructure, and c0ij is the refer-
ence empirical coefficient.

In this study, for an anisotropic heterogeneous sample, a
three-dimensional form of the correlation function is pro-
posed as below:

P ijð~rðr; h;/ÞÞ ¼ mimj þ ð�1Þiþjmimj expð�cijðh;/ÞrÞ ð6Þ
We will use this formula in the next section to represent the
microstructure of heterogeneous media.

3. Statistical continuum model for conductivity

We assume that heterogeneous media is composed of n
constituents with different conductivities, ri (i = 1, . . . ,n)
and partitions mi. The size of inhomogeneity is significantly
larger than the electron free path. Then the local current
density j and local field E at any arbitrary point x satisfy
the linear relationship such that

jiðxÞ ¼ rijðxÞEkðxÞ ð7Þ

in which [ji] is current and [Ek] is field. This linear constitu-
tive relationship can be generalized to describe the electri-
cal, thermal, magnetic properties in materials. In the case
of electric field, [ji] is current density; [Ek] is electric field
and [rij] is electric conductivity. In the case of magnetic
field, [ji] is magnetic induction; [Ek] is magnetic field and
[rij] is magnetic permeability. In the case of heat transfer,
[ji] is heat flux; [Ek] is negative of temperature gradient
and [rij] is thermal conductivity. Similar equations can also
describe piezoelectric effect, Hall effect, dielectric permittiv-
ity and so on. Effective conductivity reff in the heteroge-
neous media is defined by the equation:

hJðxÞi ¼ reffhEðxÞi ð8Þ

Symbol h� � �i denotes the ensemble average. The detailed
procedure to obtain reff is explained in the following. To
define the relationship between the localized conductivity
r(x) and the ensemble average of the conductivity, r0, we
introduce polarized conductivity ~rðxÞ such that

rðxÞ ¼ r0 þ ~rðxÞ ð9Þ

If we define the polarized field P(x) as

P ðxÞ ¼ ~rðxÞEðxÞ ð10Þ

then we have

JðxÞ ¼ r0EðxÞ þ P ðxÞ ð11Þ
Since the current is divergence free

r � JðxÞ ¼ 0 ¼ r0r � EðxÞ þ r � PðxÞ ð12Þ
Define a potential field u such that

E ¼ �ru ð13Þ

Substitute Eq. (13) back to Eq. (12)

r0r � ðruÞ ¼ r � PðxÞ ð14Þ

Eq. (14) is a set of partial differential equations that can be
solved using a number of techniques. Using Green’s func-
tion, the solution of Eq. (14) is given as

uðxÞ ¼ u0ðxÞ �
Z

dx0rgðx; x0ÞPðx0Þ ð15Þ

gðx; x0Þ ¼ 1

4pr0

1

x� x0
ð16Þ

where u0 is the potential field at infinity. To obtain the field
E, Eq. (15) is differentiated:

EðxÞ ¼ E0 þ
Z

dx0Gðx� x0ÞPðx0Þ ð17Þ

where E0 is the applied electrical field. The solution to the
Green’s function G(x � x 0) is derived elsewhere [7] but here
we describe a numerical routine to perform the integration
over the Green’s function for an ensemble of aggregates in
a heterogeneous medium. Because of the existence of a sin-
gular point in the integral at x = x 0, a spherical region
around the singular point has to be excluded. Using inte-
gration by parts and divergence theorem, the Green’s func-
tion G(x � x 0) is expressed as

Gðx� x0Þ ¼ �Ddðx� x0Þ þ Hðx� x0Þ ð18Þ

where D ¼ 1
3r0

I and H ¼ 1
4pr0

3n̂n̂�I
r3 .

Here I is the second order identity tensor and n̂ is the
unit vector of x � x 0.

Substitute Eq. (10) for the definition of the polarized
field back to Eq. (17):

EðxÞ ¼ E0 þ
Z

dx0Gðx� x0Þ � ~rðx0ÞEðx0Þ ð19Þ

Using Taylor series expansion, and taking into account
only the first-order correction, we have

EðxÞ ¼ E0 þ
Z

dx0Gðx� x0Þ � ~rðE0; hðx0ÞÞE0 ð20Þ

The average field for state h can be calculated from the
above equation:

hEðxÞih ¼ E0 þ
Z

dx0Gðx� x0Þ � h~rðE0; hðx0ÞÞihE0 ð21Þ

The correlation function h~rðE0; hðx0ÞÞih can be described
in terms of the conditional two-point probability density
function of state, h,

h~rðE0; hðx0ÞÞih ¼
Z

f ðr0 2 hðr0Þjr 2 hÞ~rðE0; hðx0ÞÞdhðr0Þ

ð22Þ
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where conditional two-point correlation function f(r 0 2
h(r 0) j r 2 h) is defined as the probability of occurrence of
r 0 at state h(r 0) given that r belongs to state h:

f ðr0 2 hjjr 2 hiÞ ¼ P ij=V i ð23Þ
The corresponding two-point probability function Pij(r, r

0)
can be represented as shown before:

P ijðr; r0Þ ¼ mimj þ ð�1Þiþjmimj expð�cijðh;/Þjr � r0jÞ ð24Þ
After the statistical localized field, hE(x)ih, is obtained, the
corresponding statistical localized current density, hj(x)ih,
is calculated from Ohm’s law:

hjðxÞih ¼ rhhEðxÞih ð25Þ
Since no assumption is used on representing the statistical
distribution of components in the heterogeneous media, the
application of this statistical continuum model on the pre-
diction of conductivity can cover a broad range of materi-
als systems. For example, the formulation can be applied in
a multi-phase composite framework assuming that the two
phases are isotropic. Also the model can equivalently work
in a porous medium where void is considered as a phase.
The third example is polycrystalline materials that can be
taken as an n-phase composite where each grain is consid-
ered as a different phase distinguished by its orientation.

4. Examples and discussion

The formulation is now applied in predicting conductiv-
ity of a porous medium, such as a porous electrode used in
fuel cell. Fig. 2 shows micrographs of two porous elec-
trodes composed of voids of different distributions (shown
as black regions) and white isotropic conductive phase. The
conductivities of these two isotropic phases are normalized
as below:

r1 ¼ rLSMOI ¼
1 0 0

0 1 0

0 0 1

2
64

3
75; r2 ¼ rvoidI ¼

0 0 0

0 0 0

0 0 0

2
64

3
75
Fig. 2. Micrograph of two porous materials: (a) homogeneous sample A and
voids).
The volume fraction ratios of the conductive phase in the
samples are the same, 70%. The difference in the two sam-
ples lies on the morphology. Sample B is more anisotropic
than sample A, which is nearly isotropic. There is a cluster-
ing of voids in sample B along z-axis.

The effective conductivities of these two samples calcu-
lated from the statistical continuum model are:

rA ¼

0:66 0 0

0 0:72 0

0 0 0:72

2
664

3
775; rB ¼

0:64 0 0

0 0:73 0

0 0 0:73

2
664

3
775

r3/r1 is an indicator of anisotropy. In sample A, (r3/r1)A =
1.09; while in sample B, (r3/r1)B = 1.14. The larger differ-
ence of property along different directions in sample B
corresponds to the fact that sample B is more anisotropic
(as clearly indicated by the micrograph). The predicted
result also shows that sample B has a higher conductiv-
ity along the z-axis at the expense of losing some conduc-
tivity along the x-axis. This is attributed to the clustering
of voids along the z-axis, which impedes the electron
transport path (conductivity) across the cluster of voids.
Although the components are isotropic, the heteroge-
neous porous electrodes are anisotropic because of the
distribution.

Another example is provided here as an extension of the
range of applications of the statistical formulation. Two
sets of porous materials with different volume fractions
and anisotropy are studied here. Samples within the same
sets have similar morphology but different volume frac-
tions. Each set of samples has a volume fraction in the
range from 10% to 100% with interval of 10%. Micro-
graphs of some samples are shown in Fig. 3. Voids in set
A samples are more randomly distributed than those in
set B samples.

Prediction of conductivity along x-axis and z-axis of
these samples is presented in Fig. 4. In set B samples, the
conductivities on z-axis are higher than those on x-axis.
(b) heterogeneous sample B, with the same porosity (volume fraction of



Fig. 3. Micrographs of two sets of porous materials. (a), (c) and (e) Set A. (b), (d) and (f) Set B. (a) Sample A10 with 10% conductive phase, (b) sample
B10 with 10% conductive phase, (c) sample A40 with 40% conductive phase, (d) sample B40 with 40% conductive phase, (e) sample A90 with 90%
conductive phase and (f) sample B90 with 90% conductive phase.
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Fig. 4. Evolution of conductivities with volume fraction of conductive phase in sets A and B samples. Samples in set B is more anisotropic than those in
set A.
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This corresponds to the clustered structure of voids along
z-axis. In set A samples, the results show the same trend
with larger conductivities on z-axis. This prediction
unveiled anisotropy which cannot be captured directly
from the micrographs. Comparing with set A samples,
the samples in set B have higher conductivities along x-axis
and lower conductivities along z-axis. This is attributed to
higher anisotropy in sample set B. Another features shown
in Fig. 4 is: when the volume fraction of conductive phase
is close to 0% or 100%, the differences of conductivities
along different directions for all samples are very small.
That is to say, the small heterogeneity of samples has little
effect on the anisotropy of property at lower end and
higher end of the volume fraction. This example demon-
strates how the statistical continuum model takes into
account of the anisotropy of conductivity contributed from
the statistical distribution of components. The limitation of
this model is also illustrated in Fig. 4. Expected percolation
is not presented in the predicted results. This is the result of
the weak contrast expansion due to perturbation from the
ensemble that may not capture the nature of percolation.
Such may require a perturbation that takes into account
the strong contrast specific to the problem (porous med-
ium). To improve this model, strong contrast methodology
will be adapted in the future work.

5. Conclusions

We have studied the effective conductivity of anisotropic
heterogeneous media using statistical continuum model.
In this study a two-point correlation function is used to
characterize the microstructure that takes into account
continuity, morphology, shape or distribution of the
constituents. This generalization enables the application
of this model to porous materials, composites, polycrystal-
line materials, and so on. Some examples in this study
demonstrated how the model captured the anisotropy
in effective conductivity in the random heterogeneous
media. Prediction results showed the influence of micro-
structure on conductivity in different directions. The
application to other heterogeneous media, especially the
comparison of experimental data and predicted results
will help to improve and verify the statistical continuum
model.
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